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WEAK DEL PEZZO SUREACES WITH IRREGULARITY 


STEFAN SCHROER 


Abstract. I construct normal del Pezzo surfaces, and regular weak del Pezzo surfaces 
as well, with positive irregularity q > 0. This can happen only over nonperfect helds. The 
surfaces in question are twisted forms of nonnormal del Pezzo surfaces, which were clas¬ 
sified by Reid. The twisting is with respect to the flat topology and infinitesimal group 
scheme actions. The twisted surfaces appear as generic fibers for Fano-Mori contractions 
on certain threefolds with only canonical singularities. 

Introduction 

Suppose that A is a smooth and projective scheme over the complex numbers. The 
Kawamata-Viehweg Vanishing Theorem asserts that H\X,u!x ® T) = 0 for all integers 
z > 0 and all invertible sheaves C that are nef and big (see [H] and [39]). In the special 
case that A is a weak Fano variety, in other words, the dual of the dualizing sheaf is nef 
and big, we may apply the Kawamata-Viehweg Vanishing Theorem with C = and 
conclude that H^{X,Ox) = 0 for all integers z > 0. It is unknown whether or to what 
extend this particular vanishing holds true for Fano or weak Fano varieties in positive 
characteristics. 

The Kawamata-Viehweg Vanishing Theorem is a generalization of the Kodaira Vanish¬ 
ing Theorem [20], which deals with ample rather than nef and big invertible sheaves. It 
is well-known that the Kodaira Vanishing Theorem does not hold true in positive charac¬ 
teristics. Raynaud [29] constructed the hrst counterexamples, which are hbered surfaces 
whose generic fiber is regular but not smooth. The surfaces are mostly of general type. A 
rather different set of counterexamples is due to Lauritzen [22] relying on representation 
theory: He used homogeneous schemes of the form G/B, where R C G is a nonreduced 
Borel subgroup scheme in some linear algebraic group. Using more elementary methods, 
Lauritzen and Rao [23] further constructed smooth Fano varieties of dimension d > 6 so 
that Kodaira vanishing fails for some ample invertible sheaves C ^ uj'f. 

Esnault [8] gives a completely different aspect involving crystalline cohomology: Her 
results, which apply to a much wider class than just Fano varieties, tell us that for 
smooth Fano varieties over perfect fields k, with the ring of Witt vectors W and field of 
fractions W G K, the following holds: The part with slopes A G [0,1[ inside the crystalline 
cohomology groups HG^{X/W) K vanishes for z > 0. On the other hand, this part 
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/W)®w is isomorphic to Serre’s Witt vector cohomology H^{X, WOx)®w 
K. In turn, the group H\X, WOx) is related to ordinary cohomology groups H\X, Ox) 
by exact sequences, but it seems difficult to gain control over torsion phenomena. Note 
that Berthelot, Bloch and Esnault [3] extended the bijection between the slope [0,1[- 
part and Witt vector cohomology to singular schemes, with rigid cohomology instead of 
crystalline cohomology. 

There are some positive results in low dimensions. If follows from the classification of 
smooth del Pezzo surfaces, which are the 2-dimensional Fano varieties, that H^{S, Os) = 0 
holds regardless to the characteristic. The same holds for weak del Pezzo surfaces. For 
a nice account, see |7]. Shepherd-Barron |38] established the vanishing H^{X,Ox) = 
H‘^{X,Ox) = 0 for smooth Fano threefolds. On the other hand, Reid [30] constructed 
nonnormal del Pezzo surfaces with H^{S, Os) ^ 0. 

My original motivation for this work was to construct regular Fano varieties over non¬ 
perfect fields that have H^{X, Ox) 7 ^ 0. The point here is that regularity does not imply 
geometric regularity (= formal smoothness) over nonperfect fields. I did not quite succeed 
in my goals, but I came close to it. The main result of this paper is as follows: 

Theorem. Over every nonperfeet field of eharacteristie p = 2, there are weak del Pezzo 
surfaees that are regular, and normal del Pezzo surfaees S with only faetorial rational 
double points of type Ai as formal singularities, both with h^{Os) 7 ^ 0 . 

These del Pezzo surfaces are twisted forms of Reid’s nonnormal del Pezzo surfaces, 
and the weak del Pezzo surface is obtained by resolving the singularity. Such del Pezzo 
surfaces necessarily become nonnormal after passing to the perfect closure of the ground 
held. Indeed, it follows from the work of Hidaka and Watanabe [I7| and myself [32] that 
h^{Os) = 0 for geometrically normal del Pezzo surfaces. 

The existence of such wild del Pezzo surfaces S over nonperfect helds has consequences 
for the structure theory of algebraic varieties X over algebraically closed helds. Namely, 
such del Pezzo surfaces might arise as generic hbers in some Fano-Mori contractions of 
hber type, obtained by contracting an extremal ray. To my knowledge, the geometry of 
hbrations f : X —y B whose generic hber X^^ is not geometrically regular or geometri¬ 
cally normal has not been studied systematically, except for the quasielliptic surfaces of 
Bombieri and Mumford, see [1] and [5]. 

The existence of Fano-Mori contractions of extremal rays on smooth threefolds in ar¬ 
bitrary characteristics was established by Kollar in [2T]. In Remark 1.2, he raised the 
question whether there are contractions of hber type whose generic geometric hbers are 
nonnormal del Pezzo surfaces. We shall see that our exotic del Pezzo surfaces appear as 
generic hbers S' = for some Fano-Mori contraction f : Z —y E of hber type, where Z is 
a threefold, and E is the supersingular elliptic curve in characteristic two. Unfortunately, 
my results are not strong enough to make the total space smooth. However, the threefold 
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Z will be locally of complete intersection, locally factorial, with only canonical singulari¬ 
ties. The anticanonical divisor is nef and has Kodaira dimension two, and the hrst higher 
direct image R^f*{Oz) is nonzero. 

There are several papers dealing with Fano threefolds in positive characteristics. For 
example, Shepherd-Barron [SH] obtained a classihcation for Picard number p = 1, and 
Megyesi [25] treated the case of Fano varieties of index > 2. Saito showed that on Fano 
threefolds with Picard number p = 2 there are no fibrations whose geometric generic fiber 
is a nonnormal del Pezzo surface [31]. Mori and Saito [2S] have further results on wild 
hypersurface bundles. 

Here is a plan for the paper: In Section [U we collect some general facts on twisting and 
twisted forms, and give a criterion for regularity of twisted forms. In Section [2] we recall 
Reid’s construction of nonnormal del Pezzo surfaces Y in terms of glueing along a double 
line to a rational cuspidal curve, and discuss the glueing process in detail. In Section [3l 
we shall see that the resulting del Pezzo surface Y is locally of complete intersection. In 
Section 01 I analyse the Picard group and the dualizing sheaf on these del Pezzo surfaces. 
Section [5] contains a discussion of curves of degree one. In particular, we shall explain 
how and why some of these curves are Cartier divisors, and others are only Weil divisors. 
In Section (6] we shall prove that the cotangent sheaf modulo torsion is locally free of rank 
two. This seems to be a rather special situation. An immediate consequence is that the 
tangent sheaf is locally free. Under suitable assumptions, we moreover identify a global 
vector field 5 G H^(Y, Qy/k) that defines an Q; 2 -action. Unfortunately, this vector field 
has a unique zero at the so-called point at infinity i/oo G Y. However, we check in Section 
[7|that zeros of vector fields are inevitable, by computing the splitting type of the tangent 
sheaf. It turns out that our choice of 6 is in some sense the best possible. In Section IH] we 
use the a 2 -action to construct twisted forms Y' of our del Pezzo surface Y. It turns out 
that the twisted forms are normal, with only one singularity. A formal analysis reveals 
that this singularity is a rational double point of type Ai, which is moreover factorial. 
In Section [9] we use our results to construct some interesting Fano-Mori contractions. In 
Section [ini we finally discuss ampleness and semiampleness for line bundles on Y. Here 
we see that it is impossible to realize Y as hypersurface or double covering of some 
The smallest embeddings have codimension three, and the smallest coverings have degree 
four. 

I wish to thank Torsten Ekedahl, Helene Esnault, and Christian Liedtke for stimulating 
discussions, and Burt Totaro for helpful comments. 

1. Twisted forms 

In this section I discuss some useful general aspects of twisting and twisted form that 
we shall apply later to nonnormal del Pezzo surfaces. Suppose S' is a scheme of hnite type 
over a base held k. Another fc-scheme S' is called a twisted form of S if there is a nonzero 
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fc-algebra R with Sr ~ 5^. Such schemes S' are automatically of hnite type by descent 
theory (see [I5], Expose VIII, Proposition 3.3). 

Lemma 1.1. If S' is a twisted form of S, then there is a finite field extension k C E 
with Se — S'^. 

Proof. Choose an isomorphism f : Sr ^ S'r. As explained in [13], Theorem 8.8.2, 
there is a fc-subalgebra of hnite type Ra C R and an isomorphism fa ■ Sr^ —> S'j^^ 
inducing /. Choose a maximal ideal m C Ra- Then E = Ra/xn is a hnite held extension 
of fc, and we may restrict fa to E. □ 

If follows that the set of isomorphism classes of twisted forms S' is a subset of the 
nonabelian cohomology set H^{k,Auts/k), where we may use the hnite hat topology. 
A nice account of this correspondence in the context of Galois cohomology appears in 
Serre’s book |36|. The full theory is exposed at length in Giraud’s treatise [9|. The basic 
construction goes as follows: Let T be a torsor under Aut^/fc with action from the left. 
Then we may form the product S x T and obtain the quotient by the diagonal action 

S'AT = Auts/fc\(S'X T), {s,t) {gs,gt). 

Note that Aut^/fc also acts from the right on S via sg = g~^s, so we may rewrite the 
equivalence relation in the particularly attractive form (s, t) {sg \gt). 

The result SAT, which is a sheaf in the hnite hat topology, is a sheaf twisted form 
of S. This sheaf, however, is not necessarily representable by a scheme. We shall discuss 
this below. Gonversely, if S' is a twisted form of S, then T = Isqm(S", S) is an Auts/k- 
torsor with action from the left, and the canonical map SAT S', {s,t) i—>■ t~^{s) is an 
isomorphism. 

Now let G C Autg/fc be a subgroup scheme. Then we have an induced map on non¬ 
abelian cohomology H^{k,G) —> H^{k, Anis/k)- Given any G-torsor T, we may form 
S AT = G\{S X T) to produce twisted forms. Note that the twisted form might be 
trivial, although the torsor is nontrivial. More precisely: 

Lemma 1.2. The twisted form S A T is isomorphic to S if and only if there is a G- 
equivariant morphism T —>■ Aut^/fc. 

Proof. As explained in [9] Ghapter III, Proposition 3.2.2 , we have a sequence 
H^{k,Auis/k) —^ H^{k,G\Auis/k) —^ H^{k,G) —> H^{k,A\iis/k), 

which is exact in the following sense: The G-torsors T inducing trivial Aut^/fc-torsors 
come from the sections x G G\ Aut 5 /fc. The G-torsor coming from such a section x is the 
hber over x under the projection Auts/fc —> G\ Auts/^, whence the assertion. □ 

We are mainly interested in the case that the group scheme G is hnite. Then there are 
almost no problems with representability: 
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Lemma 1.3. Suppose G is a finite group scheme. Then S' = S A T is an algebraic 
space. It is a scheme if either G is infinitesimal, or if S is quasiprojective. 

Prooe. It follows from [15], Expose VIII, Corollary 7.7, that the torsor T is rep¬ 
resentable by a scheme. The quotient S' = G\{S x T) exists as an algebraic space, 
according to very general results of Keel and Mori [T9|. If G is inhnitesimal or if S is 
quasiprojective then the G-invariant affine open subset Ua (A S x T form a covering. By 
[T6] . Expose V, Theorem 4.1 the quotient S" of S' x T by the free G-action exists as a 
scheme. □ 

From now on we assume for convenience that the group scheme G is finite, and that 
S' = S A T is a scheme, where T is a G-torsor. 

Lemma 1.4. The scheme S is locally of complete intersection or smooth if and only if 
S' is locally of complete interesection or smooth, respectively. 

Prooe. This follows from [TT], Corollary 19.3.4 and Proposition 17.7.1. □ 

In contrast, regularity or nonregularity does not transfer to twisted forms. It is possible 
to remove singularities by passing to twisted forms, which is indeed the leitmotiv of this 
paper. Of course, such things may happen only in positive characteristics. I found the 
following basic fact very useful. 

Theorem 1.5. Let A <Z S be a G-invariant subscheme whose ideal is locally generated 
by regular sequences. If the twisted form A' = A AT is a regular scheme, then the twisted 
form S' = S AT is a regular scheme at all points on the subset A' <Z S'. 

Prooe. Consider the commutative diagram 

AxT -^ SxT 

A' -^ S'. 

The vertical maps are surjective and flat, because G acts freely on zl x T and SxT. 
Moreover, the diagram is cartesian. By assumption, the embedding zl C S' is regular. 
Hence the induced embedding AxT cSxTis regular as well. According to na, 
Proposition 19.1.5, this implies that the embedding A' C S' is regular. By assumption, 
the scheme A' is regular. If follows that the scheme S' is regular at all points s G A', by 
na, Proposition 19.1.1. □ 

We shall mainly apply this in the cases that A C S is either a Cartier divisor or an 
Artin subscheme. Let me record the latter: 

Corollary 1.6. Let A = Gs be the orbit of a rational point s E S, and let s' G S' be 
a closed point in A' G S'. If the scheme T is reduced and Gs G S is a regular embedding, 
then the local ring Os',s' is regular. 
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Proof. The orbit A = Gs of our finite group scheme G is isomorphic to the homoge¬ 
neous space G/H, where H = Gg is the isotropy group scheme. The projection G/HxT —>■ 
H\T, {gH,t) ^ Hg~H is well-defined, and induces a bijection G\{G/H x T) —> H\T. 
If follows that the twisted form A' = A AT is isomorphic to H\T. By assumption, the 
Artin scheme T is reduced, whence the qotient scheme H\T is reduced as well. In other 
words, the twisted form A' is regular, and the Theorem applies. □ 

Example 1.7. Consider the global field k = F 2 (f) in characteristic two and the 1- 
dimensional scheme S = Spec u^], which contains a cuspidal singularity at the origin. 
The finite inhnitesimal group scheme G = a 2 acts on S via the derivation i—1. It also 
acts on the T = Spec k[\/t] via the derivation \/f i—1. The twisted form S' = S AT then 
must be a regular curve. Indeed, it is the spectrum of the subalgebra klvS^vS -t- \/t] C 
k[v?, u^, \/t]. 

Now suppose that x G S' is a rational point that is fixed under the G-action. Setting 
A = {x}, we see that the twisted form A' = A A T is given by another rational point 
x' G S'. The following tells us that it is impossible to remove singularities by twisting at 
points that are both fixed and singular. 

Proposition 1.8. Assumptions as above. If the local ring Os,x is not regular, then the 
local ring Os>,x' is not regular as well. 

Proof. Let B G S x T he the preimage of x G S' under the projection map, which 
coincides with the preimage of x' G S' under the quotient map. Suppose s' G S' is 
a regular point. Then the residue field k{s') has finite projective dimension. Hence 
Ob has finite projective dimension as well, because the quotient map S x T —>• S' is 
flat. Choose a resolution ... —> Fi —> Fq —>■ k{s) —> 0 with hnitely generated free 
(P 5 ,j,-modules. Pulling back under the flat projection map, we obtain a free resolution 
...—>■ —> Fq —>■ Ob —>• 0. Whence the kernel of some —>■ F' is free. By descent 

theory, the kernel of Fj+i ^ Fi must also be free. In other words, x G S' is regular. □ 

2. Glueing along ribbons 

Throughout the following sections, we shall study the geometry of certain nonnormal 
del Pezzo surfaces Y with irregularity h^i^Oy) > 0. Such surfaces were first constructed by 
Reid [30]. A key point in his construction is the use of certain infinitesimal neighborhoods 
called ribbons. Reid’s construction works roughly as follows: 

We fix a base held k of characteristic p = 2. Let X = be the projective plane, 
and A = P^ be the projective line. Choose an embedding A C X of degree one, and let 
B = Ad) be the hrst order inhnitesimal neighborhood, which is a nonreduced quadric. Let 
G be the rational cuspidal curve with arithmetic genus h^{Oc) = 1, whose normalization 
is A —> G. The idea now is to extend the nonhat normalization map A —> G to a hat 
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morphism tp ■. B ^ C oi degree two, and obtain the desired del Pezzo snrface Y via the 
cocartesian diagram 

B -^ X 




V 


C -^ Y. 


Note that the normalization map n : X —X is a homeomorphism. One way to think 
abont this is that we thinned ont the structure sheaf Ox by artificially removing sections 
satisfying certain conditions on B to obtain the structure sheaf Oy, as explained in Serre’s 
book [37j, Chapter IV, §1.1. In some sense, we introduced a curve of cusps C C V, 
which itself contains a cuspidal singularity. Naturally, the singularity on this curve of 
singularities plays a crucial role in the whole affair. 

To make this construction explicit and to explore its properties, it seems inevitable to 
introduce coordinates. Choose indeterminates u, v and cover the projective plane X = 
in the usual way by three affine open subschemes 


( 1 ) 


X = Specn] U Specfc[M U Spec/c[Mn ^]. 


We sometimes denote this open affine covering by X = f/ U f/' U f/". We shall see that 
our constructions do not work well in homogeneous coordinates, and it seems necessary 
to introduce inhomogeneous coordinates. The projective line X = shall be embedded 
into the projective plane X = P^ by setting 

(2) X = Spec n]/(n) U Spec 


We write the rational cuspidal curve C with arithmetic genus Pa = 1 as the union of two 
affine open subschemes 

(3) C = Spec k[u'^, u^] U Specfc[-u“^]. 

Then we have a canonical morphism X —> C, which is the normalization map. Finally, 
consider the first order inhnitesimal neighborhood B = X^) inside the projective space 
X = P^. This nonreduced quadric is given by 

(4) B = Speck[u,e] U Spec 

where e denotes the residue class of v modulo The inclusion X C i? is a ribbon in 
the sense of Bayer and Eisenbud [6]. This means that the ideal X C Ob of the closed 
embedding A G B satisfies X^ = 0 and that X is an invertible (9^-module. Note that 
the first condition implies that the O^-module structure on X indeed comes from an 
C>A-niodule structure. We have an exact cotangent sequence of O^i-modules 

X >• kl^B/k ® ^A/k 


(5) 


0 


0 , 
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where we use X = X/X^. Pulling back the extension along the universal derivation d : 
Oa —> ^\/ki obtain an extension of sheaves of fc-vector spaces 

0 —^ X — ^Ob — ^Oa —^ 0. 


One may recover the multiplication in by exploiting the fact that d : Oa —> ^\/k ^ 

derivation. Note that in particular there is a cartesian diagram of (Ps-niodules 

® ^ ^A/k 

d®l 

Ob -^ 

The normalization map A ^ C induces an (P^i-linear map ® Oa ^\/k- rnay 
use the latter map to pull back the extension (jS]). As explained in [B], Theorem 1.6 the 
splittings of this induced extension of (P^i-modules correspond bijectively to the desired 
extension ip ■. B ^ C oi the normalization map A —> C* along the inclusion A <Z B. In 
other words, we are looking for commutative diagrams 

^C/fc ® ^A 

of (P/i-niodules. We thus happily arrived at a linearization of the problem. 

To proceed, we merely have to compute the sheaf of differentials and together 
with their restrictions to A. We start with the nonreduced quadric B. The (Ps-module 
is freely generated by the differentials 

du,de and d{u~^), d{eu~^) 


^A/k 

^C/k ® ^A 


d 


over the two open subsets B nU and B fl U', respectively. The corresponding 1-cocycle 
for the locally free (Ps-module 0,^B/k ^ ^ 2-matrix 






because d{u~^) = u~‘^du on the overlap, and similarly for d{eu~^). 

We next turn to the rational cuspidal curve C. The (Pc-niodule is generated by 
the differentials 

d{v?),d{u^) and d{u~^) 


over the two open subsets, respectively. On the hrst open subset, we have a single relation 
u^d{v?) = 0, because we are in characteristic p = 2. It follows that modulo torsion is 
invertible, with generators d{v?) and d{u~^), and corresponding 1-cocycle u~^. We refer 
to [Ml, Section 3 for further results. 
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Now to the desired O^-hnear map d(f ®1 ■. ® Oa —> ® ^a- Any such map 

is of the form 

d{u^) I—>• u^du + P{u)de and d{u~^) i—> d{u~^) + Q{u~^)d{eu~^) 

for some polynomials P{u) and Q{u~^) with coefficients from k. The 1-cocycles computed 
in the preceding paragraph impose the condition P{u)u~^ = Q{u~^). The upshot is that 
the polynomials P = P{u) of degree < 3 correspond to such (9^-hnear maps. The 
corresponding morphism ip ■. B ^ C is given in coordinates by 

I—>• I—>• -I- eP and u~^ \—>• u~^ + eu~‘^P. 

Throughout, we call P the glueing polynomial and write it as 

P = asu^ + a2U^ + cxiu + ao, 

with scalars 0:3,.. ., ao ^ k- For the constructions we have in mind it is important that 
the morphism ip : B ^ C of degree two is flat. This condition depends on the constant 
term of the glueing polynomial: 

Proposition 2.1. The morphism ip : B ^ C is flat if and only if the constant term 
ao in the glueing polynomial P E k[u] is nonzero. 

Proof. Clearly, ip is flat outside the singular point c E C. So 99 is flat if and only if the 
Artin scheme ip~^{c) C B has length two. Clearly, the hber in question is the spectrum 
of the Artin ring 

k[u, e]/ {u^, P eP) = k ® ku® ke® kue/ (eP). 

If ao = 0, this is a /c-vector space of dimension d = 3 or d = 4. If ao 7 ^ 0, the residue 
class of P is a unit, and the Pvector space has dimension d = 2. □ 

From now on we assume that the glueing polynomial P = + ... -f ao has a nonzero 

constant term, such that our morphism ip ■. B ^ C is flat. Moreover, we regard our 
rational cuspidal curve as 

C = Spec- 1 -eP] U Spec -|-eM“"^P]. 

In other words, we view Oc as a subsheaf of Ob with respect to our morphism ip : B ^ C, 
and not merely as a subsheaf of Oa- We call the rational point i/oo ^ C that constitutes 
the complement of the affine open subset Spec k[u‘^,u^ + eP] C C the point at infinity. 
We shall see that it plays a special role. This is already apparent in the following fact. 

Proposition 2.2. The Oc-module T = ip^Os/Oc is invertible, and isomorphic to 
dciUoc), where yoo E C is the point at infinity. 
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Proof. Since tp ■. B ^ C is flat of degree two, T must be invertible. We compute 


deg(r) = xiT) - x{Oc) = x{Ob) - 2x{Oc) = 1. 


Hence H^{C,T) is 1-dimensional. To compute a nonzero section, we use the affine fpqc- 
covering V YLV ^ C given by the formal completion V = Specfc[[M^,M^ -|- eP]] and the 
affine open subset V = SpecA;[M“^ -|- eu~^P]. One easily sees that the residue classes of 
the unit u G r(l/, and the nilpotent eu~^P G ViV'^OB) generate the quotient sheaf 
T as an C>c'-module. On the overlap V Xq V, we have {v? + eP)u~‘^ ■ u = eu~^P modulo 
Oc- Using 


= u ^ + eu ^P, 


(m 3 + eP)M-2 

we see that the local sections 1 ■ w G r(l/,T) and {u~^ + eu~^P) ■ eu~^P G r(U',T) 
glue together and define a global section, which vanishes precisely at the point at infinity 


l/oo ^ O. 


□ 


3. The geometric construction 


We keep the notation from the preceding section, and use the flat morphism tp : B ^ C 
to form the cocartesian square 

B -^ X 


( 6 ) 


O 


Y. 


The surface Y is our desired del Pezzo surface, as we shall see in due course. Pushouts 
like the above exists as algebraic spaces according to a very general criterion of Artin [T] , 
Theorem 6.1. The morphism z/ : X —P is the normalization, and the cartesian square is 
also cocartesian. In particular, we have v~^{C) = B. Fortunately, we may immediately 
forget about the category of algebraic spaces. 


Proposition 3.1. The algebraic space Y is a projective scheme. 

Proof. It suffices to hnd an ample invertible (Py-module. As explained in [33], Propo¬ 
sition 4.1, the pushout diagram yields an exact sequence of abelian sheaves 

1 —— >0^x0^ —^ 1 , 

which results in an exact sequence of abelian groups 

(7) 0 —^ Pic(P) —^ Pic(X) © Pic(C') —^ Pic(P). 

Clearly, the preimage map Pic(C) —> Pic(H) is surjective. Hence there is an invertible 
(Pc-Piodule C, with Cb = Consequently, there is an invertible (Py-module (Py(l) 

whose preimage on X is isomorphic to Ox{^)- According to [H], Proposition 2.6.2, the 
invertible sheaf (Py(l) must be ample, so the algebraic space Y is projective. □ 
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Remark 3.2. The proof works under fairly general assumptions: X might be any 
projective scheme, B a one-dimensional subscheme, and (f ■. B ^ C a morphism of curves 
that is generically an isomorphism. 

It is not difficult to write down the coordinate rings for the affine open covering Y = 
V UV U V" corresponding to the affine open covering X = U VMJ' VJU" dehned in (fll) . 
Indeed, the diagram 

Ob <- Ox 

( 8 ) V V 

Oc <- Oy 

is cartesian, and this implies that 

V = Spec k[u^, + vP, v^, v^u], 

(9) V = Spec k[u~^, u~^ + vu~^P, 

V" = Specu“^]. 

Let me explain this for the hrst open subset V: Clearly, the six given elements + 

vP,... ,v^u lie in Oy- Moreover, any monomial of the form with m, n > 2 is a 

monomial in the elements u‘^,v‘^,v‘^u,v^,v^u. Finally, the residue classes of -f vP 

generate the quotient sheaf Oc\v- Whence the given elements generate Oy- 

The two open subsets V^V need uncomfortably many generators. It is possible to 
compute, with computer algebra, a Grobner basis for the ideal of relations, but this sheds 
little light on the situation. However, we shall see that things clear up under passing to 
suitable localizations or completions. 

The scheme Y has as reduced singular locus the rational cuspidal curve C (ZY. Our 
ultimate goal is to construct twisted forms of Y that are regular, or at least normal. 
This can only happen if the singularities on Y are not too bad. Recall that a locally 
noetherian scheme S is called locally of complete intersection if for all points s & S, the 
formal completion of the stalk Os,s is of the form Og ^ = R/I, where i? is a regular local 
noetherian ring and J C R is an ideal generated by a regular sequence ([H], Dehnition 
19.3.1). The whole paper hinges on the following observation. 

Theorem 3.3. The scheme Y is locally of complete intersection. 

Proof. We shall determine the local generators and relations explicitly. This will 
be useful later, when we compute the cotangent sheaf of the singular scheme Y. To 
start with, consider the affine open subset V G Y occurring in ([9]), with coordinate ring 
A = k[u‘^, vf -f uP, v^u]. To simplify notation, we give names to the generators: 

a = u^, b = + vP, c = e = c = v^, f = v^u. 


( 10 ) 
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The idea now is to localize so that fewer than six generators suffice. First, let us take the 
affine open subset Vp 2 c V obtained by inverting the element 

r >2 23, 22, 2 , 2 ^ A 

1 — OgCi T 0^2® T T Oq G A. 

Recall that P = + ... + Oq is the glueing polynomial in the indeterminate u dehning 

our glueing map tp ■. B ^ C. I contend that Ap 2 = k[a,b,e]p 2 as subrings inside the 
function held k{u,v). Indeed, we have c = (6^ + a?)/P‘^ and compute 

cb = ea + c (tto + Oi 2 a) + /(ai + 030 ), 
eb = ca? + c'(aia + a^a^) + /(ao + 020 ). 

The matrix of coefficients at c', / has determinant 

( CYq + 0'2(^ CHl + 01^q\ „2 

det = P, 

\ “h Ot'^Qj CXq -|- Q.20j J 

and hence we may express c', / in terms of a, b, e, 1/P^. The upshot is that the canonical 
inclusion k[a,b,e]p 2 c Ap 2 is bijective. 

According to the work of Avramov [2], the property of being locally of complete in¬ 
tersection is stable under localization. Therefore, it remains to check that k[a,b,e] is of 
complete intersection. But this is trivial: We write the 2-dimensional ring k[a,b,e] as a 
quotient of a polynomial ring in three indeterminates, and since the latter is factorial, the 
ideal of relations is generated by a single element. For later use, I write down the such a 
relation; it is 

( 11 ) P^e^ + b'^a + . 

To continue, let us look at the affine open subset Vq <Z V given by localizing the 
element Q = a? + c(q:i -|- 030 )^ G A. With this choice, I claim that Aq = k[a,b,c,c']Q. 
The argument is very similar to the one in the preceding paragraph, and reveals how to 
come up with a denominator like Q: We compute 

cb = ea + /(«! -f 0:30) -t- c'(q;o + 020), 
c'b = ec(ai -f 0 : 30 ) + fa + + a 2 a). 

The coefficients at e, / comprise a matrix, whose determinant is 

det f ^ «i + 0:30^ _ ^2 _ Q 

\ c(q^i "f" ct^dj Oj j 

Hence we may express the generators e, / in terms of a, b, c, c', 1/Q, and therefore Aq = 
k[a,b,c,c']Q. It remains to see that R = fc[a, 6 , c, c'] is a complete intersection. The 
generators a,c E R are algebraically independent, and we have relations 


( 12 ) 


b'^ + + cP^ and c'^ = c^. 
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I claim that the canonical snrjection 

R! = k[a^c\[xi,X‘ 2 \/{x\ ++ cP'^^x\-\r c^) —>• i?, Xi\ —^6, X 2 '—^ c' 

is bijective, where Xi,X 2 are indeterminates. Indeed, both rings in qnestion are 2-dimen- 
sional, and R is integral, so it snffices to check that the ring R' on the left is integral. 
The inclnsion k[a,c] C R' is pnrely inseparable, so Spec(i?') is irredncible. Being a 
complete intersection, the affine scheme Spec(i?') has no embedded components. Hence, 
to check that the 2-dimensional ring R' is rednced we may replace it by the local Artin 
ring k{a, c)[xi, X 2 ]/{x1 + + cP"^, X 2 + c^)■ By Lemma 13^ below, it snffices to check that 

the differentials 


d{a^ -I- cP^) = (a^ -I- afc -|- alca‘^)da -|- P^dc and d{c^) = c^dc 

from linearly independent, and the latter is obvions. If follows that the 

affine open snbset H C H is locally of complete intersection, becanse the open snbsets 
Vp2, Vq CV cover the singnlar locns Sing(H) = H fl C. 

To hnish the proof, it snffices to see that the formal completion 

R = k[[u~‘^, u~^ + vu~‘^P, v^u~^, v^u~‘^]] 


of the second affine open snbset C H is a complete intersection. We introdnce names 
(13) X = u~^ + vu~‘^P and y = v^u~‘^ and ^ = v^u~^. 


The eqnation = u~‘^+y{al + a 2 a~‘^ + alxu~^ + aQU~^), viewed as a recnrsion relation for 

reveals that the generator u~‘^ is a formal power series in x^, y. Next, we decompose 
the glneing polynomial P = ao into even and odd part P = Pev + -Podd, snch 

that PevU~‘^ and PoddU~^ are polynomials in u~‘^. Compnting 

,,3.,-4o 

XZ = V^U~'^yPeyU~'^ -f + y^PoddU~^, 


xy = V^U ^ -f V'^U "^PevU 


we see that the matrix of coefficients at v‘^u ^ has determinant 


det 




-2 


, yPevU 


-2 


= l-yPlu-^ 


which is a nnit. Whence it is possible to express the generators as formal 

power series in x, y, z, so the inclnsion k[[x, y, z]] C P is bijective. Bnt the ring k[[x, y, z]] 
is obvionsly a complete intersection, with relation y^ + z'^ = 0. □ 


In the preceding proof, we needed the following fact. 


Lemma 3.4. Let K be a field of characteristic p > 0, and /i,... , /„ G K elements so 
that the differentials dfi,, dfn G are linearly independent. Then the local Artin 

ring A'[xi,..., x„]/(x? - /i,..., x^ - /„) is a field. 
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Proof. Let A = K[xi^... ,a;„] be the polynomial algebra and set yt = xf — fi. Let 
m C A be the maximal ideal containing the ideal {yi, , yn). It suffices to check that the 
residue classes yi G m/m^ are linearly independent, according to |T2], Proposition 17.1.7. 

By assumption, we hnd iP^-derivations Di : K ^ K with Di{fj) = 6ij (Kronecker 
delta). The cotangent sequence 

0 > ® ^ ^ ^A/KP ^ ^A/K ^ 0 

is exact and splits, because the ring extension K <Z A is smooth. Hence we may extend 
our Di to iL^-derivations Di : A ^ A, which have Di{yj) = Stj. These derivations induce 
linear maps Di : m/m^ — A/xn. If follows that the residue classes of yi are linearly 
independent. □ 

Remark 3.5. The condition that differentials dfi,... ,dfn G are linearly inde¬ 

pendent exactly means that the elements /i, ...,/„ G 77 are p-linearly independent. 

4. Picard scheme and dualizing sheae 

We keep the notation from the preceding section, such that Y is an integral projective 
surface locally of complete intersection, which is dehned by the cocartesian square ([H]). It 
is nonnormal, with reduced nonsmooth locus C G Y and normalization X = P^. In this 
section we study invertible sheaves on Y. In some sense, everything reduces to the curve 
(P C P: 

Proposition 4.1. The restriction map Vicy/k Picc/fc of Picard schemes is an iso¬ 
morphism. 

Proof. The exact sequence of abelian sheaves 1 —> Oy —>■ x > 1 

induces an exact sequence of Picard schemes 

0 —^ Picr/fc —> Picx/k x Picc/fc —^ Pics/fc • 

Hence it suffices to check that the restriction map Picx/k Pic^/fc is an isomorphism. 
Recall that B is the hrst order inhnitesimal neighborhood of a line A inside X = P^. 
Clearly, the restriction map Picx/k Pic/i/fc is an isomorphism, so it suffices to check 
that the restriction map Pics/fc —^ PicA/fc is an isomorphism. Let X C Ob be the ideal 
for the closed embedding A G B. Then X^ = 0 and we have an exact sequence of abelian 
sheaves 0 —X —> 1, which gives an exact sequence 

H\B,I) PicB/k PicAA ^ 


The outer terms vanish, because the abelian sheaf X is isomorphic to the (PA-niodule 
C)a(—1 ), whence the assertion holds. □ 
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We conclude that the Picard scheme Picy/^ = Picc/fc is reduced and therefore smooth, 
and 1-dimensional. In particular, its tangent space H^iY^Oy) is 1-dimensional. The 
Picard scheme sits inside a split extension 

(14) 0 —>■ Gq —Picy/fc —> Z —>■ 0. 

The map on the right is given by sending an invertible (Py-module C to the degree of the 
restriction Cc- To simplify notation, we set deg(£) = deg(£c) and call this integer the 
degree of C. 

Proposition 4.2. An invertible Oy-module C is ample if and only if deg{C) > 0. 

Prooe. According to m, Proposition 2.6.2, the invertible sheaf C is ample if and only 
if its preimage v*{C) is ample. If follows easily from the dehnition of d = deg(/l) that 
v*{C) = Ox{d). Hence C is ample if and only if d > 0. □ 

Being locally of complete intersection, the proper scheme Y also has an invertible 
dualizing sheaf oiy. It is straightforward to compute its degree: 

Proposition 4.3. The degree of the dualizing sheaf is deg(a;y) = —1. 

Prooe. Consider the Tschirnhausen module T = u^^Ox/Oy. Its annulator ideal c C 
Oy is called the conductor ideal for the normalization map u : X ^ Y. According to 
Proposition 12.21 the (Py-module T is an invertible (Pc-module, and hence c = Oy{—C). 
Since the square ([6]) dehning Y is cocartesian, the induced ideal on X satishes c = cOx- 
As the square is also cartesian, we have cOx = Ox{—B). 

The conductor is closely related to duality: The equality c = T(jom{h'^Ox,Oy) shows 
that the conductor ideal has a natural (Px-module structure, and coincides with the 
relative dualizing sheaf ojxiy- The latter satishes oox = ^x/y ® i'*ojy- Clearly, the 
projective plane X = has dualizing sheaf ujx = 3). Together with ujx/y = 

C>x(—2), it follows u*{u!y) = (Px(— !)• n 

In particular, the dualizing sheaf uy is antiample. We thus call our Y a nonnormal 
del Pezzo surface. Let me point out that its irregularity is h^{Oy) = 1, which is highly 
unusual for del Pezzo surfaces, even for singular ones (compare [T7], Corollary 2.5 and 
[32] . Theorem 2.2 and [30]). 

To determine the isomorphism class of oiy in the Picard group, it suffices to compute its 
restriction to C. Recall that the Tschirnhausen module T = v^Ox/Oy is the invertible 
(Pc-inodule Ociyoo]) where y^o ^ C is the point at inhnity. 

Proposition 4.4. With the preceding notation, we have ujy\c = Oc{—yoo)- 

Prooe. We consider the relative dualizing sheaf oJc/y = £xtQ^{Oc, Oy), which satis¬ 
hes LVc = <^c/v ® ojy\c. The exact sequence 0 —> c —*• Oc —^ Oc —> 0 yields an exact 
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sequence 

0 —>■ TiomoY^OYj Oy) — TlomoYi^j ^y) —^ (C^C) ^v) —^ 0. 

We have an obvious inclusion Ox C 7-fom(c, Oy), and we now check that it is bijective. 

The composition map 

Tiomoyi^x, Oy) ®Ox Tfomo^(c, Ox) —^ Tiomoyi'^^ ^y) 

is bijective, because the conductor ideal is invertible as Ox-module. For the same reason, 
the evaluation map 

Tiomoxi^y Ox) ®c)x ^ ^x 

is bijective. Composing the previous maps, we obtain a chain of inclusion Ox C 7-fom(c, Oy) C 
Ox, which clearly is bijective. The upshot is that the relative dualizing sheaf ujc/y coin¬ 
cides with the Tschirnhausen module T. Using that ujc = Oc and Proposition 12.21 we 
deduce the assertion. □ 


5. Cartier divisors and Weil divisors 

Our del Pezzo surface Y has a natural polarization furnished by the ample invertible 
sheaf (Uy. Given any Weil divisor O on U, we define its degree by the intersection number 
deg(O) = ujy ■ D. In this section we have a closer look at curves D <Z Y oi degree 
one. Much of the geometry of Y is captured by these curves. Any such curve is the 
schematic image of a line L on the normalization X = To begin with, we compute 
some cohomology groups. 

Proposition 5.1. Let C he an invertible Oy -module of degree d. Then we have x{^) = 
d{d -I- l)/2. Moreover, H‘^{Y, C) = 0 for d>0, and H^{Y, C) = 0 for d> 1. 

Proof. The exact sequence 0 —^ Cx —>■ C ^ T —> 0 of coherent sheaves gives 
x(>C) = xi'^x) — xi'^ ® T). Here T = OxjOy is the Tschirnhausen module. We clearly 
have = {d -\- 2){d l)/2. According to Proposition 12.21 T is an invertible Oc- 

module of degree one. It follows that x(£ G) T) = d -|- 1, and the assertion on the Euler 
characteristic follows. 

Now suppose d > 0. Then the term on the left in the exact sequence 
H\C, H\Y, C) H\X, Cx) 

vanishes. The term on the right is Serre dual to H^{X, C'x{—3)), and vanishes as well. 
Hence H\Y, C) = 0. 

Finally, suppose that the degree is d > 1. We now use the short exact sequence 
0 —> £ Cx © Cc Cb ^ 0, which gives an exact sequence 

H\X,Cx)®H\C,Cc)-^H%B,Cb)-^H\Y,C)-^H\X,Cx)®H\C,Cc). 
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The sum on the right vanishes, and the map on the left is surjective. The latter follows 
from the exact sequence 

C) —^ Cb) —^ H\X, £(-2)) = 0. 

The upshot is that H^iY, £) = 0. □ 

For d = 1, this means that H^{Y,C) is 1-dimensional. In other words, each invertible 
sheaf C of degree one, there is precisely one effective Cartier divisor D G Y with C = 
Oy{D). Note that this applies in particular to the antidualizing sheaf C = Uy- It turns 
out that the position of these Cartier divisors is determined by restricting to the reduced 
singular locus C G Y: 

Proposition 5.2. Let C be an invertible sheaf of degree d = 1. Then the restriction 
map H^{Y, C) H^{C, Cc) is bijective. 

Proof. The exact sequence 0 — Cx{—B) Cx Tb 0 gives an exact sequence 

H\X, Cx{-B)) H\X, Cx) H%B, Cb) H\X, Cx{-B)). 

Both outer terms vanish, and hence the restriction map H^{X, Cx) —^ H^{B, Cb) is 
bijective. 

Using the exact sequence 0 ^ Cx © Cc Cb ^ 0, we obtain a short exact 

sequence 

0 h%Y, C) H\X, Cx) © H%C, Cc) H^B, Cb) 0. 

In light of the preceding paragraph, the restriction map H^(Y,C) H^{C,Cc) must be 
bijective. □ 

We conclude that given a rational point y G C* in the smooth locus of C, there is 
precisely one Cartier divisor D G Y of degree one passing through y. Of course, there is 
a continuous family of Weil divisors of degree one passing through that point. Any such 
Weil divisor is the image of a unique line on X = P^. How to distinguish between such 
Cartier divisors and Weil divisors? 

Proposition 5.3. Let L g X be a line not contained in the conductor locus B G X , 
and D G Y be its image, and y & C GD be the unique intersection point with the singular 
locus C G Y. Then the Weil divisor D is Cartier if and only if the schematic preimage 
n~^{y) G X is contained in L. 

Proof. Suppose that D G Y is Cartier. Then the preimage u~^{D) C X is Cartier 
as well, and clearly contains u~^{y). The inclusion L G is an equality outside 

the conductor locus B G X. Since both subschemes are Cartier, they must be equal. If 
follows that n~^{y) G L. 
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Now suppose C L. Let D' G Y he the unique Cartier divisor of degree one 

passing through y. Its preimage L' = C X is a line containing which 

is an Artin subscheme of length two. However, through any Artin subscheme of length 
two on X = P^, there passes precisely one line. We conclude L = L', whence D = D' is 
Cartier. □ 

We hnally determine what kind of scheme a Weil divisor of degree one is. 

Proposition 5.4. Let D c Y be a Weil divisor of degree one. 

(i) If D C Y is Cartier or if D = C, then the curve D is isomorphic to the rational 
cuspidal curve with arithmetic genus = 1. 

(ii) If D G Y is not Cartier and D ^ C, then the curve D is isomorphic to the 
projective line P^. 

Proof. The case D = C is clear, because C is by dehnition the rational cuspidal curve 
with Pa = 1. Now suppose that D is Cartier. Then lod = ^y{D) \d has degree zero. It 
follows that —2x{Oc) = deg(a;i 5 ) = 0, whence h}{Oc) = 1. Clearly, D is birational and 
homeomorphic to the projective line, and the assertion follows. 

Finally, suppose that D ^ C is not Cartier. Let L C X be the unique line with 
D = z/(L), and consider the birational morphism f : L D. According to Proposition 
15.31 the hber f~^{y) = L (1 n~^{y) is an Artin scheme of length one. It follows that / is 
an isomorphism. □ 

To close this section, we look again at the antidualizing sheaf ujf. We know from 
Proposition 15.11 that there is only one effective anticanonical divisor D gY. We note in 
passing an interesting consequence: The anticanonical divisor D G Y is invariant under 
any automorphism of Y. 


6. The tangent sheae 

We keep the notation from the preceding sections, such that X is a nonnormal del 
Pezzo surface. To construct twisted forms of Y, we have to understand the group scheme 
Auty/fc and its Lie algebra H^iY, Qy/k)- Ip this section we shall see that the tangent sheaf 
Qy/k is locally free of rank two, and that it is not difficult to determine its global sections. 
This is somewhat surprising, because the cotangent sheaf fly/^ is not locally free along 
the singular curve C G Y. However, we shall see that the trouble only comes from the 
torsion subsheaf r C This effect seems to be special to positive characteristics. 

Theorem 6.1. The coherent Oy-module CfyiJT is locally free of rank two. 

Proof. This is a local problem in Y. First, consider the affine open subset V G Y 
that is the spectrum of 

+ vP, v^, v^u] = k[a, b, c, e, c', /], 
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as in Equation ffTOj) . As explained in the proof for Proposition l3.3l it is advisable to localize 
further, using + a'^a^ + afa + and Q = + c(ai + a^a)^ as denominators. 

We saw that Vp 2 is an open subset inside the spectrum of 

k[a, b, e]/+ b'^a + a^). 

The module of differentials is generated by da, db, de modulo the relation {b* + a^)da. 
Since Y is generically smooth, the coefficient b^ + aP must be a regular element, hence the 
differential da is torsion. We conclude that the differentials db, de form a basis of 
modulo torsion over Vp 2 (Z Y. A similar argument using Equation flT^ gives that the 
differentials db, dc' form a basis for hly modulo torsion over Vq ZY. 

It remains to treat the affine open subset V Z Y. Since the point at infinity i/oo G V 
is the only singularity not contained in V, it suffices to consider the formal completion 
R = k\\x,y, z\\/— z^) of Oy^y^ as in Equation ffT5]l . The separated completion 
modulo torsion is free, with basis dx, dz. Since the two functions x = u~^ + vu~^P and 
2 ; = v?v~^ are already contained in Oy^y^ , it follows that dx, dz are a basis modulo torsion 
in some affine neighborhood of j /00 € E. □ 


Corollary 6.2. The tangent sheaf Qy/k is locally free of rank two. 

Prooe. Dualizing the exact sequence 0 —> r —> —>• 0, we see that the 

canonical map 7ijom{VL\n.lT, Oy) —> 7-fom(r2y^^, Oy) is bijective. □ 

Our next task is to compute the Lie algebra of global sections for the tangent sheaf. We 
are mostly interested in the behavior of derivations near the singular locus C ZY , whence 
we shall describe H^(Y, Qy/k) as a subalgebra of P°(I/p 2 , Qy/k). We just saw that ^\/k 
modulo torsion has basis a on Vp 2 c Y given by db, de. We denote by Dh, the dual 
basis of Qy/k on Vp 2 . The following result gives an implicit description of H^(Y,Qy/k), 
which will give enough information for our purposes. 


Proposition 6.3. The Lie algebra H^{Y,Qy/k) consists of all derivations of the form 
f D}y + gDe, where f,g& k[u^, + vP, , v^u, , v^u] are polynomials so that the rational 

functions 


(15) 


u 


fpk; + 9 


Pv + P'uv + 


and 



+ 9 


+ P'v 
V^P 


are contained in k[u/v,l/v]. 


Prooe. Since the cotangent sheaf satisfies Serre’s condition (S' 2 ) and the complement 
of Vp 2 ZV" Z Y is finite, the restriction map H^{Y, Qy/k) P°(Vp 2 U V", Qy/k) must 
be bijective. The latter group is the kernel of the difference map 


(16) 


W{Vp,, 0Y/t) @ W(V", 0y/t) W{Vp. n V", 0y,t) 
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coming from Cech cohomology. To determine the kernel, we hrst compute with differen¬ 
tials rather than derivations: 

db = {u^ -|- P'v)du + Pdv, de = v'^du 

d{u/v) = 1/vdu + u/v'^dv, d{l/v) = 1/v‘^dv, 


as follows from fflUD . Consequently, 


(17) 


A 




B 


l/v 0 \ 


are the base change matrices for base changes from db, de to du, dv, and from d{u/v), d{l/v) 
to du, dv, respectively. It follows that B~^A is the base change matrix from db, de to 
d{u/v),d{l/v), and whence 


\B-^A)-^ 


u/v'^P {Pv + P'uv + u^)/v'^P 
1/v^P + P'v)/v^P 


is the base change matrix from the dual basis Db, De to Du/^, D^j,,. Using this base change 
matrix, we compute the kernel in the exact sequence flTbl) . and the assertion follows. □ 


Recall that the normalization of Y is the projective plane X = P^. Pulling back to 
X, we see that H^{X, Qy/k 8) Ox) is given by derivations of the form fDh + gDe, where 
f,g ^ k[u,v] are polynomials so that the two rational functions in flT^ lie in k[u/v, l/v]. 
In particular, the rational derivation 5 = PDe dehnes a global section of Qy/k ® Ox- It 
does not, however, always come from a global section of Qy/k'- 

Corollary 6.4. Suppose the glueing polynomial P is even, that is, P = a 2 U^ + ao- 
Then the rational vector field 6 = PDe lies in H^(Y, Qy/k)- Moreover, we have 5 o <5 = 0. 

Proof. The first statement follows from the preceding proposition. We have (5(e) = 
0:20 -|- ao and 6{b) = 0, and therefore 5 o (5 = 0. □ 


From now on we assume that the glueing polynomial P is even. Using the base change 
matrices in (na, we easily express the global vector field 6 = PDe in terms of other 
rational derivations, and obtain 

6 = PDe = {Pv -|- u^)v~^Du/v + = Pv~^Du + u^v~‘^D„. 

In the next section, we shall interpret (5 as a group scheme action of 0:2 on Y. The 
hxed points for the group scheme action correspond to the zeros of the vector held. By 
dehnition, 5 = PDe has no zeros on the open subset Vp 2 . Clearly, it vanishes on V to 
hrst order along the closed subscheme given by 1/u = 0. It remains to determine the 
precise behavior of the vector held near the curve of singularities C G Y. 


Proposition 6.5. The only zero of the global vector field 6 = PDe lying on the singular 
curve C C Y is the point at infinity poo & C. With respect to the formal coordinates 
Oyy^ = k[[x, y, z]]/— z^), we have 6 = xD^. 
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Proof. Using 6 = Pv~‘^Du + u^v~‘^D^ and the definitions of x, y, 2 ; in Equation ffT3l) . 
one computes 5{x) = Siy) = 0 and 6{z) = x, whence 6 = xD^. It remains to write 6 on 
Vq C U in terms of the basis D^, DcU where c' = v^. Note that Q = a + c{a^v? + aiu) = a, 
because we assume the glueing polynomial to be even. We have 5{h) =0 and compute 
5{v^) = V? = a, whence 5 = aDc' has no zero on the affine open subset Vq C Y. □ 

7. Splitting type of tangent sheaf 

In this section we determine the restriction Qy/klo of the tangent sheaf to Weil divisors 
D G Y of degree one. This will show that our choice of global vector field 6 = PDg is, in 
some sense, the best possible choice. 

The computation with the tangent sheaf is rather easy, because we may dually work 
with the cotangent sheaf modulo torsion. The latter sits in an exact sequence 

(18) X/X^ ^Y/k ® ^ ^D/k ^ 0, 

where X = Oy(—D) is the ideal of the Weil divisor. For the following arguments, note 
that the torsion subsheaf r C is locally a direct summand, because is locally 

free, whence this subsheaf commutes with base change. 

Proposition 7.1. Let D g Y be a Cartier divisor of degree one. Then the tangent 
sheaf splits as Qy/klo — C>D/k (B ajflo- Both summands are invertible Oo-modules, of 
degree four and one, respectively. 

Proof. The (P^j-moduleX/X^ is invertible of degree —D^ = —1, and the canonical map 
X/X^ —>• ® Od on the left in the cotangent sequence (ITSll is injective, because D G Y 

is Cartier. According to Proposition 15.41 the scheme D is the rational cuspidal curve with 
arithmetic genus pa = 1. It follows X/X^ ~ ujy\d, and that niodulo torsion is an 

invertible sheaf of degree —4. Since Y is smooth at the generic point p G D, the torsion in 
® Od maps to the torsion of LId/j^, and this map must be bijective because OyiJr is 
locally free of rank two, which contains X/X^ locally as a direct summand. The result now 
follows by taking duals, and the fact that there are no nontrivial extension of invertible 
sheaves of degree one by invertible sheaves of degree four on H. □ 

In particular, we see that the invertible sheaf det(0y/fc) has degree five. 

Proposition 7.2. Let D g Y be a Weil divisor of degree one that is not Cartier and 
not the singular curve C. Then Qy/Ad — Ooiff) © (Pd(2) is a direct sum of invertible 
OD-modules of degree two and three. 

Proof. In this case. Proposition 15.41 tells us that D ~ P^. Hence is invertible of 
degree —2. It follows that the torsion of © Od maps to zero in The induced 

map ®Od invertible kernel, which must have degree —3. The result 
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follows after dualizing, and the fact that there are non nontrivial extensions of (9pi(3) by 
(!?pi(2). EH 

Proposition 7.3. Let C <Z Y he the reduced singular locus. Then the tangent sheaf 
splits as Qy/klc — ^c/k © OciVoo)- Both summands are invertible, of degree four and 
one, respectively. 

Proof. I claim that the torsion in maps to the torsion in It suffices to 

check this on the formal completion R' = k[[x,y, z]]/+ z^) of the affine open subset 
V' C V at the point at infinity. The curve C <Z Y has ideal {y,z), and the torsion is 
generated by dy, whence the claim follows. Whence we have an exact sequence 

0 —> K, —> ^Y/k ® (Pc/(torsion) —>• (torsion) —>• 0 

for some coherent (Pc-Piodule /C. Since both terms on the right are locally free, the Oc- 
module /C must be invertible. It must have degree —1, because modulo torsion is 
invertible of degree —4. Such an extension of (Pc-modules must split. Dualizing it, we 
obtain 0y/fc|c = ©c/fc © 

It remains to see that KY ~ Ocigtoo)- We use our global vector field 5 = PDf.. By 
Proposition [6]5l the restriction <5®! vanishes only at yoo G C, and has vanishing order one 
there. Decompose = <5'+^'/ where 5' is a global vector field on C, and 5" G H^{C, KY). 
If 5" = 0, then ©c/fc would have degree one, contradiction. Hence 5" 7 ^: 0, and it follows 
KY ~ OciVoo). □ 

Remark 7.4. Let m C Oy be the maximal ideal for the point at infinity y^o G Y. 
The preceding result tells us that any global vector field on Y, the corresponding tangent 
vector in Qy/kiVoo) G Homfc(m/m^, k) is tangent to the curve of singularities C <ZY. We 
conclude that our 5 = PD^ is in some sense the best possible choice when it comes to 
twisting in Section [ 8 l 

Remark 7.5. Suppose JF is a locally free sheaf of rank n on the projective plane 
X = The restriction to any line L C X splits into a direct sum of invertible sheafs 
Pl ~ OL^di) © ... © OL^dn), say with di < ... < dn. This sequence of integers is 
called the splitting type of P along the line L. The preceding results tell us: The generic 
splitting type of JF = PiQy/k) is given by the sequence (2, 3). The generic splitting type 
degenerates to the special splitting type (1,4) on those lines L C whose image in 
D C F is Cartier or equals C. 

8. Twisted del Pezzo surfaces 

We keep the assumptions as in the preceding section, such that F is a nonnormal del 
Pezzo surfaces, defined by an even glueing polynomial P = a 2 U^ + ao- Then we have a 
global vector field S G H^(Y, Qy/k) with <5 o ^ = 0 given by the formula 6 = PD^. Such 
vector fields correspond to actions of the group scheme 0 : 2 , which is finite and infinitesimal. 
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Recall that we have 02 = Spec k[e] as a scheme. Its values on /c-algebras R is the group 
02 (R) = {/^-R|/^ = 0}, with addition as group law. The action a 2 x Y ^ Y is given 
by the formula 

Oy — k[€\ <S>k Oy, s I—*• S{s)e s. 

A rational point y eY is a. hxed point for the a 2 -action if and only if 6{y) = 0 as a section 
of Qy/k, or equivalently 5(my) C m^, as derivation 6 : Oy —> Oy. 

As explained in Section [H any a 2 -torsor T yields a twisted form Y' = Y /\T oi our 
nonnormal del Pezzo surface Y. Note that the projections Y ^ Y xT ^ Y' are nniversal 
homeomorphisms, and we may identify points on Y with points on Y\ Any such twisted 
form y' is locally of complete intersection. Moreover, uyi is antiample, and we have 
h^{Oyi) = h^(Oy) = 1. Whence the twisted form W is another del Pezzo surface, 
possibly with less severe singularities than Y. 

Any Q! 2 -torsor is of the form T = Spec/c(\/A) for some scalar A G fc, with action given 
by the derivation h->• 1 . The torsor is nontrivial if and only if A G /c is not a square. 
We now can formulate the main result of this paper: 

Theorem 8.1. Let k he a nonperfect field of characteristic two, X E k be a nonsquare, 
and T = Spec k{\/X) the corresponding a 2 -torsor. Then the twisted form Y' = Y AT is 
a normal del Pezzo surface with h}{Oyi) = 1. R has a unique singularity y'^ E Y', which 
corresponds to the point at infinity yoo E Y. 

Proof. First observe that R' is smooth outside the curve corresponding to the reduced 
singular locus C <Z Y. According to Proposition 16.51 the point at inhnity yoo E Y is a 
hxed point on the singular locus. The corresponding point on the twisted form G Y' 
then must be a singularity, by Proposition 11.81 

It remains to see what the effect of twisting is on the affine open subset V G Y 
at the singular locus. Recall that the open subset Vp 2 c R is given by the algebra 
k[a, b, e, P ~^]/+ b'^a + a^), and that S = PDe, compare the proof for Theorem 13.31 
We hrst analyse the rational point y E Y corresponding to the origin a = 6 = e = 0. 
We have 6{a) = 6{b) = 0 and 5(e) = P, whence the orbit Gy C R is given by the 
ideal (a, 6, e^). Clearly, this ideal is generated by a,b, which is a regular sequence. Now 
Theorem 11.51 tells us that Y' is regular near the point corresponding to y eY. 

Next we treat the singular locus of Vp 2 outside the origin. Consider the Cartier divisor 
A C Vp 2 supported by the singular locus given by the ring element c = = (6^ + of)/ P"^. 

This element is invariant, and we have 

k[a, b, e, + b'^a + aJ, + a^) = k[a, b, e, P~^]/ (5^ + a^, e^). 

Twisting this algebra, we obtain as twisted algebra fc(\/A)[a, 6, P“^]/(6^ + a^), which 
dehnes a rational cuspidal curve over the quadratic extension held k{\/X). The latter is 
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regular outside the origin. Using Theorem 11.51 again, we conclude that the twisted form 
Y' is regular on the open subset corresponding to Vp 2 c Y. 

Finally, we treat the other open subset Vq C V, which is given by 

k[a, b, c, c', a“^]/(5^ + + cP^, c'^ = c^). 

Here our derivation takes the form 6 = aDp. Again, consider the Cartier divisor A (ZVq 
supported by the singular locus given by c. We have 

k[a,b,c,c]/{b‘^ + + cP^,c'^ = c^,c) = k[a,b,c]/{b‘^ + a^,c'^), 

and we may argue as above. The upshot is that the twisted form Y' is regular outside 
the point at infinity y'^ eY'. □ 

It is not difficult to analyse the singularity: 

Theorem 8.2. The singularity y'^ E Y' is a rational double point of type Ai. The 
minimal resolution of singularities r : Y' ^ Y' is obtained by blowing up the reduced 
singular point. The exceptional divisor E = r~^{y'^) is isomorphic to a regular quadric 
in that is a twisted form of the double line. The regular surface Y' is a weak del Pezzo 
surface with hfiOyf) = 1- 

Proof. As explained in the proof for Proposition 13.31 the completion Oyy^ is the 
algebra R = k[[x, y, z]]! (j/^ + ^^), and furthermore 5 = xD^. It follows that the completion 
Oyi yi is the subalgebra R C A:[a/A, x, j/, z]/ {y^ + z'^) generated by the invariants x, y, z', 
where z' = z P \fXx, which has dehning relation z''^ = P \x^. 

Consider the blowing up Z —> Spec(i?) of the maximal ideal (a;,|/, 2 ;'). It is covered by 
two charts: The x-chart 

(19) x,y/x,z'/x modulo {z'/xY = {y/x^x P 
and the P-chart 

(20) xjz'.,ylz'.,z modulo z'"^ = {yjz'Yz'P X{xjz'Y. 

The exceptional divisor E E Z is given by setting x and z' to zero, respectively. Whence 
E is covered by y/x.,z'/x modulo {z'jxY = A and xfz^ylz' modulo {x/z'Y = 1/A. The 
exceptional divisor is evidently regular, and hence the blowing up Y' is regular as well. 
Furthermore, we easily infer that E = r~^{y'^) is isomorphic to a regular quadric in 
that becomes a double line after adjoining a/A. 

We infer that i?^r*(C>y,) = 0, so the singularity is rational. It also follows that the map 
H^iy'O y') —> H^{Y', Oyi) is bijective. Finally, write the relative dualizing sheaf in the 
form ijjyilyi = OyiipnE) for some integer n. Using 

- 2 = deg(c<;£;) = ujy,{E) ■ E = {n P l)E^, 


( 21 ) 
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we conclude n = 0 and = —2. In other words, the singularity is a rational double 
point of type Ai. Moreover, we have (Uy, = r*(a;y/), and hence the antidualizing sheaf for 
Y' is nef and big. In other words, the regular surface Y' is a weak del Pezzo surface. □ 

According to Mumford’s result 123, the only normal surface singularities over the com¬ 
plex numbers whose formal completion are factorial are the rational double points of type 
Eg (for arbitrary algebraically closed ground fields, see [21], §25). The situation is more 
complicated over nonclosed ground fields. 

Corollary 8.3. The complete local rings Oy, y, of our twisted del Pezzo surface Y' 
are factorial. 

Proof. Let D C Y' he a. Weil divisor, and D (Z Y' he its strict transform. The 
exceptional divisor E cY' carries no invertible sheaf of degree one. Rather, it is a cyclic 
group generated by the invertible sheaf Oe{E), which has degree two. Write D ■ E = 2n 
for some integer n. Then {D + nE) ■ E = h. This implies that the invertible sheaf 
C = OyfD + nE) is trivial on the formal completion along E, because H^(Y', OmE) = 0 
for all integers m > 0. It follows that the coherent (Py'-module r*(C) is invertible. 
Therefore, the Weil divisor D <Z Y' must be Cartier. The same argument applies for 
formal Weil divisors on Spec(C>y, y). □ 

9. Fano-Mori contractions 

We now use the results of the preceding section on del Pezzo surfaces over nonperfect 
ground fields to construct some interesting Fano-Mori contractions of hber type over 
algebraically closed fields. Let ns now work, for simplicity, over an algebraically closed 
ground field k of characteristic two. 

Choose an abelian variety A' with a-number a{A) > 1. This mean that there exists 
at least one embedding 02 C A', and in turn an a 2 -action on the abelian variety via 
translations. In dimension one, for example, we could choose a supersingular elliptic 
curve with Weierstrass equation of the form + y = + a^x + a^, with action given 
by the derivation x 1, y x‘^ + 04 . Note that in characteristic two, all supersingular 
elliptic curves are isomorphic. The quotient A = A'/a 2 is again an abelian variety, and 
the quotient map A' ^ A is a purely inseparable isogeny of degree two. 

We now fix once and for all an embedding 02 C A' and consider the corresponding 
a 2 -action on A' via translations. Let Y be the nonnormal del Pezzo surface constructed 
in the preceding sections. We assume that the glueing polynomial P is even, such that we 
have the global vector held 6 = PDf, corresponding to an Q! 2 -actioii on h'. The product 
Z' = Y X A' carries the diagonal action, and we may take the quotient Z = a 2 \Z'. The 
projection f' : Z' —>■ A' induces a projection f : Z ^ A. To understand its hbers, consider 
the function helds K' = k{A') and K = k{A). Then K (Z K' is a purely inseparable 
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quadratic field extension, and hence of the form K' = K{-\fX) for some nonsquare X G K. 
We may view T = Spec K' as an a 2 -torsor over K. 

Proposition 9.1. The generic fiber of the projection f : Z ^ A is the twisted form 
Yk a T, which is a normal del Pezzo surface. For all closed points a E A, the fiber Z„ is 
isomorphic to the nonnormal del Pezzo surface Y. 

Proof. Taking quotients by free group actions commutes with arbitrary base change. 
Given a point a E A with residue held k = K{a), and T C A' be its preimage. Making 
base change with respect to T —>■ A, we see that the hber Z^^ is the quotient of W Xspec(K)T 
by the diagonal action, so that Z„ = Y^f\ T. If a is a closed point, the torsor T is trivial, 
and hence Z„ = Y. If cr is the generic point, then the torsor T is nontrivial. According 
to Theorem 18.11 the twisted form is then normal. □ 

The point at inhnity Uoo G P is invariant under the Q; 2 -action. Whence it dehnes a 
section s : A —> Z, whose image is the quotient of {i/oo} x A' by the diagonal action. 

Proposition 9.2. The scheme Z is normal and locally of complete intersection. The 
reduced singular locus of Z equals the image of the section s(A) C Z . 

Proof. The morphism f : Z ^ A is hat, because the composition Z' ^ A is hat and 
the quotient Z' —> Z is faithfully hat. The base A and all hbers Za are locally of complete 
intersection, whence Z is locally of complete intersection. 

According to Theorem 18.11 the singular locus of the generic hber ist s{A)rj. It follows 
that s(A) C Sing(Z). The translation action of A' on Z' = Y x A' via the second factor 
commutes with the diagonal a 2 -action, whence induces an action of A on the quotient Z. 
For any closed point z E Z, the induced map f ■. Az ^ A is surjective. Using that the 
singular locus is invariant under this action, we infer that Sing(Z) C s(A). In particular, 
Z is regular in codimension one. It follows that Z is normal. □ 

Proposition 9.3. The blowing up r : Z —>■ Z with center the reduced subscheme 
s(A) <Z Z is a resolution of singularities. The singularities of Z are canonical. 

Proof. According to 18.21 the generic hber Zn is regular. Moreover, the A-action on Z 
leaves the center of the blowing up s(A) C Z invariant, and hence the action extends to 
the relative homogeneous spectrum Z = Vroj (©(X^/X”^^)), where X C Oz denotes the 
ideal of the center. We now may argue as in the preceding proof and infer that Z must 
be regular. 

Let E (Z Z = r“^(s(A)) be the exceptional divisor. It must be hat over the base of the 
projection Z —*■ A because it carries an A-action. The relative dualizing sheaf is of 
the form 0^{nE) for some integer n, which is called the discrepancy for the resolution of 
singularities. The singularities on the threefold Z are called canonical if n > 0. According 
to CB, we have n = 0, and hence Z is canonical. □ 
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Recall that a morphism of proper normal scheme f : V ^ W is called a Fano-Mori 
contraction if Ow —^ f*{Ov) is bijective, the total space V is Q-Gorenstein, and ajy is 
/-ample. 

Proposition 9.4. The morphism f : Z ^ A is a Fano-Mori contraction. The Oa- 
module f^{Oz) is invertible and commutes with base change. 

Prooe. For all closed points a E A, we have Za = Y, and hence h^{Oza) = 1 
h‘^{Oza) = 0- If follows that the canonical map Oa —> f*{Oz) is bijective, and that the 
coherent (P/i-inodule f^{Oz) is locally free, of rank h^{Oza) = 1- 

By Proposition 19.21 the scheme Z is Gorenstein. Let G C Z be an integral curve, and 
C C Z' be its preimage. We have uiz ® Oz' = prj(ci;y). If follows that G • < 0, with 

equality if and only if the induced map f ■. C ^ Ais finite. Summing up, f : Z ^ A is a. 
Fano-Mori contraction. □ 

10. Maps to projective spaces 

We now return to our nonnormal del Pezzo surface Y. In this final section we study 
maps to projective spaces, which are defined in terms of semiample invertible sheaves. 
The upshot will be that it is not possible to dehne P in a simple way as a hypersurface in 
projective space, or a hnite covering of projective space. Obviously, the same then holds 
for twisted forms Y' = Y A T. 

The various geometric properties of invertible sheaves on Y can be nicely expressed in 
terms of degrees. 

Theorem 10.1. An invertible Oy-module C ^ Oy of degree d = deg(£) is: 

(i) semiample if and only if d> 0 ; 

(ii) ample if and only if d> 1; 

(hi) globally generated if and only if d >2] 

(iv) very ample if and only if d>3 ] 

Prooe. For this we may assume that the ground field k is algebraically closed. We 
already proved assertion (ii) in Proposition 14.21 Goncerning (i), recall that semiampleness 
means that some tensor power is globally generated. Suppose C is semiample. Then the 
restriction Cq is semiample as well, and hence d> 0. Gonversely, suppose d > 0. If d > 1, 
then C is ample, and if d = 0, then the sheaf is trivial by the exact sequence flTT)) . In 
both cases C is semiample. 

Next, we prove (hi). Suppose that C is globally generated. Then the restriction Cc to 
the cuspidal curve of arithmetic genus = 1 is globally generated as well, and this implies 
that d > 2 by Lemma [10.31 below. Gonversely, suppose the degree is d > 2. Decompose 
C = Cl ® ® Cd into a tensor product of invertible sheaves of degree one. According 

to Proposition 15.11 we have h^{Ci) = 1, whence there are unique Gartier divisors Ci <ZY 
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with Li = OyiCi). It follows that the base locus of C is contained in lj^=i The exact 
sequence 0 —> C{—Ci) ^ C ^ Cci —> 0 yields an exact sequence 

H'^iY^C) — H°{C„Cc,) hHy,C{-C,)). 

The term on the right vanishes by Proposition 15.11 because C{—Ci) has degree d — 1 > 1. 
To hnish the argument, it suffices to check that Cd is globally generated. According to 
Proposition 15.41 the Ci are isomorphic to the rational cuspidal curve with pa = 1. By 
Lemma I1U.3I below, Cci is globally generated. 

It remains to prove (iv), which is the most interesting part. Suppose first that C is very 
ample. Then the restriction Cc is very ample as well, and this implies d > 3 by Lemma 
110.31 below. Conversely, suppose d > 3. Let A C y be an Artin subscheme of length two. 
We have to show that H^(Y,C) H^{A,Ca) is surjective. The idea is to use Cartier 
divisors of degree two. 

Let Af be an invertible (Py-module of degree two. We already saw that Af is globally 
generated, whence dehnes a morphism ■. Y —>■ The image r_/y(A) C is an Artin 

scheme of length < 2, and hence Af has a nonzero global section whose zero scheme D <zY 
contains A. The exact sequence 0 — C{—D) —^ Cd 0 yields an exact sequence 

dd°(y, C) H%D, Cd) H\Y, C{-D)). 

The term on the right vanishes by Proposition 15.11 because C{—D) has degree > 1. Hence 
it suffices to show that H^{D, Cd) Ca) is surjective. 

Now suppose for a moment that uiy ® A/”®^ ^ C and that r(A) C P^ has length 
one. Using the latter, we see that Af has another nonzero section whose zero scheme 
D' <Z Y having no irreducible component in common with D and containing A. Set 
A' = D r\ D'. Then A C Af and the inclusion A' G D is Cartier. The exact sequence 
0 ^ Cd{—A') Cd ^ Ca' 0 yields an exact sequence 

H%D, Cd) H%Af Ca') H\D, Cd{-A')). 

The term on the right sits inside the exact sequence 

H\Y,C®N'') ^ H\Y,C(^Af®-^). 

In this sequence, the term on the left vanishes by Proposition 15.11 since we have deg(£ ® 

Af'^) < 0. The term on the right is Serre dual to H^{Y, AA), where JYl = cuy 

This sheaf has degree 3 — d, and hence H^{Y, AA) vanishes for d > 3. In the boundary case 

d = 3 we also have H^{Y, AA) = 0, because we are presently assuming that ujy <^Af®‘^ ^ C. 

Combining these observations, we see that the restriction map H^{Y,C) —> H^{A,Ca) is 

surjective. 

To complete the proof, we now may assume that for all invertible sheaves Af of degree 
two with u!y ® ^ C the image rAf{A) C P^ has length two. Our goal now is to find a 

global section of C whose zero scheme intersects A but does not contain A. This implies 
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that H^(Y,C) H^{A,Ca) is surjective, because we already know that C is globally 
generated. By our assumption, for any Af of degree two with coy ® 7 ^ £, we hnd a 

global section of Af whose zero scheme D C Y intersects A but does not contain A. 

We now have to distinguish the cases that n = deg(£) is even or odd. I only go through 
the case that n = 2m+l is odd, the even case being similar. Choose a Cartier divisor D' C 
Y of degree two disjoint from A. The equation of invertible sheaves C ~ Af{{m — \)D' + E) 
defines an invertible sheaf Oy{E) of degree one. Since H^{Y, Oy{E)) = 1, the effective 
Cartier divisor E (ZY is also unique. Now note that E zY is the image of a line L C P^, 
and that the restriction map H^{Y,Oy{E)) —> H^{C,Oc{E)) is bijective, according to 
Proposition 15.21 From this we infer that there is at most one invertible sheaf of degree 
one Oy{E) with A Z E. So tensoring Af with some general numerically trivial invertible 
sheaf, we may assume that A (f E. If A is disjoint from E, then D + {m — 1)D' + is the 
desired Cartier divisor representing C that intersect but does not contain A. If A n F' is 
nonempty, we simply replace D by a linearly equivalent Cartier divisor disjoint form A, 
and conclude as above. □ 

Suppose that the invertible (Py-module C is globally generated. In other words, its 
degree is d > 2. Set n = d{d + l)/2 — 1, and let rc '■ Y —P*^ be the resulting morphism 
defined by C. 

Corollary 10.2. Ifd = 2, then the morphism rc : F —P^ is flat, surjective, of degree 
four, and all fibers are Artin schemes of complete intersection. There is no surjection to 
the projective plane of smaller degree. If d = 3, then rc is a closed embedding T C P^. 
There is no closed embedding into any projective space of smaller dimension. 

Prooe. Suppose d = 2. The morphism rc '■ Y —P^ is flat because Y is Cohen- 
Macaulay and P^ is regular ([35], page IV-37, Proposition 22). The other statements 
follow immediately from Theorem 110.11 □ 

In the course of the proof for Theorem 110.11 we used the following facts. 

Lemma 10.3. Let C be the rational cuspidal curve of arithmetic genus Pa = 1, and 
C 7 ^ Oc be an invertible Oc-'module of degree d. Then C is globally generated if and only 
if d>2, and very ample if and only if d> 3. 

Prooe. Of course, we may assume that the ground field k is algebraically closed. The 
arguments are similar to the case of elliptic curves. The problem, however, is that some 
Weil divisors on C are not Cartier. 

Let us first prove that the numerical conditions are necessary. Suppose that C is globally 
generated, so d > 0. The case d = 0 is impossible, because C, is nontrivial by assumption. 
Hence d > 1, and the usual argument gives h°(C, C) = d. The invertible sheaf C is ample, 
whence the morphism rc '■ C ^ p(^-i jg g^ite, and therefore d > 2. If, furthermore, C is 
very ample, we must have d > 3. 
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The converse is more interesting. Suppose d > 2, and let y G C be any closed point, 
which is a Weil divisor of length one. I claim that there is a Cartier divisor D (Z C of 
degree at most two that contains y and has C 9 ^ Oc{D). Suppose this for the moment. 
The short exact sequence 0 —> C{—D) 0 yields an exact sequence 

(22) H%C, C) H\D, Cd) H\C, C{-D)). 

The term on the right is Serre dual to H^{C, C'^{D)). The invertible sheaf C'^{D) has 
degree n < 2 —d < 0, and in the case n = 0 is nontrivial. Whence it has no global section, 
and it follows that C has a section that does not vanish at y. 

Let us now verify the claim. There is nothing to prove if ?/ G C is contained in the 
regular locus. So let us assume that it is the singular point, and write O^y = k[[u^,u^]]. 
For any scalar A G fc, the element + Xu^ dehnes a Cartier divisor Dx C C of length two 
with support y. 

Finally, suppose that d> 3. Let A Z C he a. closed subset of length two. We have to see 
that the restriction map H^{C,C) H^{A,Ca) is surjective. It follows from the above 
that there is a Cartier divisor D Z A of length four containing A, and with C 9 ^ C>{D). 
In the case d > 4, one proceeds easily as above to see that H^{C,C) H^{A,Ca) is 
surjective. For d = 3 we argue as follows: We have h^{C,C) = 3, and we already know 
that C is globally generated, hence there is a hnite morphism : C —>■ which does 

not factor over a line C P^. Whence rc is birational onto its image rc{C), which must 
be a cubic. Any cubic has arithmetic genus pa = f- Since C also has arithmetic genus 
Pa = f, the birational morphism rc must be an isomorphism. □ 
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